In Couette rheometry, most of the current flow-curve recovery algorithms require the explicit numerical differentiation of the measured angular velocity data. The exceptions and popular choices, because it avoids the need for a numerical differentiation, are the parallel plate approximation (cf. Bird et al.
INTRODUCTION
Like other types of rheometry applications, such as capillary (Rodd [3] ) and cone-and-plate Schweizer [4] , the importance of Couette rheometers relates more to their industrial rather than their scientific applications. Through the use of simple formulas, such as the well known parallel plate solution given in Bird [1] ( Table 10 .2-1), and the simplest of the ones proposed by Krieger and Elrod [2] , they allow an indicative assessment of the flow behaviour of non-Newtonian fluids to be made relatively inexpensively and rapidly. A snapshot of their wide range of industrial applications can be found in Calderbank and Moo-Young [5] , who examine the power consumption in the agitation of nonNewtonian fluids, Rosenblatt et al. [6] , who investigate sedmentation and aggregation in a blood rheology study, Grikshtas and Rao [7] , who determined the slip velocities of various tomato concentrates and apple sauces, Ayora et al. [8] , where the flow properties of different PVC-natural fiber suspensions were assessed, Baudez and Cousset [9] and Baudez et al. [10] , where pasty materials were the focus of deliberations, and Picart et al. [11] , where the rheological properties of blood are analysed. In addition, methods based on the "Couette analogy" (Roos et al. [12] and Lacoste et al. [13] ) have proved useful in the development of new methods and measuring systems in the characterization of the flow properties of complex foods and in the study of the mixing of polymer blends.
A Couette (concentric cylinder) rheometer (Couette [14] , Dontula et al. [15] , Piau and Piau [16] ) consists of an inner cylinder (the bob) of length L and radius R b and an outer cylinder (the cup) of radius R c , where the cup is rotated at an angular velocity W and a torque M is applied to the bob to hold it stationary. For an ideal Couette flow, equilibrium requires that the shear stress s on the fluid will be purely cylindrical.
As first derived by Mooney [17] for such a cylindrical flow, the Couette rheometer equation has the following first kind integral equation structure
which, when differentiated with respect to s, yields (Mooney [17] )
The key step, implemented independently by Krieger and Elrod [2] and Pawloski [18] , is to iterate this result. It yields the infinite series solution
The motivation for the invention of such a coaxial cylindrical device is the way that the flow it generates approximates, for relatively large R b and R c and small gap R c -R b , the flow between flat parallel plates. It was therefore natural to assume that, for each measurement W of the angular velocity, a good approximation to the shear rate g · (s) in the fluid in the rheometer was given by the shear rate g · FPP (s) in the same fluid between flat parallel plates with the same gap size; namely (Bird et al. [2] , Table 10 .2-1), (3) Interestingly, this shear rate does not correspond to the correct value for a Newtonian fluid, which is a point that will be discussed in some detail below. In the sequel, this formula will be called the flat parallel plates (FPP) approximation.
The solution of the integral Eq. 1, as a summation of an infinite series, has been known since 1953. Starting with Krieger and Elrod [2] , various versions of the Euler-Maclaurin sum formula have been proposed for the estimation of the value of the summation either directly as proposed by Krieger and Elrod [2] or via a power law approximation of Farrow et al. [19] (Code and Raal [20] and Krieger [21] ). Except for the FPP approximation of Eq. 3 and the simplest formula given in Krieger and Elrod [2] , they all involve an explicit numerical differentiation of the observational data, which, given the sparsity and noisiness of the available measurements, usually necessitates some initial smoothing before the differentiation is performed.
is obtained. A simple algebraic manipulation then shows that Consequently, for a Newtonian fluid, the relative error associated with using the FPP approximation instead of the exact Couette solution is (1 -s)/2, which decreases as the size of the gap decreases, but still represents a 5 % error for a gap size of s = 0.9.
THE EULER-MACLAURIN SUM FORMULA SOLUTIONS OF KRIEGER AND ELROD
Krieger and Elrod [2] made the fundamental observation that the Euler-Maclaurin sum formula could be used to sum Eq. 2. In terms of the above notation, their Euler-Maclaurin formula approximation takes the form
The first term in this formula is widely used and the associated approximation takes the form (6) In the sequel, this formula will be called the first term Krieger Elrod (FTKE) approximation. Like the FPP approximation (Eq. 3), this approximation is not exact for a Newtonian fluid. Using the fact that [2s/(1 -
, it can be shown that Thus, with respect to a Newtonian fluid, its absolute relative error is (1 -s) . This is marginally worse than that for the FPP approximation. As Eq. 5 indicates, explicit numerical differentiations of the W(s) -measurements must be performed if
By generalizing the Krieger and Elrod [2] Euler-Maclaurin sum formula infinite series solution of the Couette viscometry equation, de Hoog and Anderssen [22] have derived a new family of finite difference approximations, which do not involve an explicit numerical differentiation of the angular velocity data. They include, as special cases, alternative forms for the simplest formulas given in Krieger and Elrod. In essence, as will be indicated below, they are the EulerMaclaruin sum formula counterparts of the midpoint approximation for numerical integration. These alternative simple formulas yield consistently more accurate approximations to the flow-curves of non-Newtonian fluids, with and without a yield-stress.
Like the simplest of the formulas proposed by Krieger and Elrod [2] , the applicability of these alternative formulas, given and analysed numerically below in Section 2, is limited to narrow gap rheometer data. For moderate gap rheometer data, the finite difference formulas of de Hoog and Anderssen [22] , which do not involve an explicit numerical differentiation of the measured angular velocity data, can be applied and are reviewed in Section 3. The numerical performance of the various methods for Williamson, Power Law and Casson fluids is examined in detail in Section 4.
VARIOUS SIMPLE FORMULAS

THE EULER FORMULA
From a numerical analysis perspective, one can simply apply standard one-point integration rules (Atkinson [23] ) to the integral in Eq. 1. Under the narrow gap assumption that s ~1, they will generate good approximations. For example, the Euler approximation takes the form (4) In the sequel, this formula will be called the Euler approximation. Interestingly, this formula is exact for a Newtonian fluid. If the constitutive equation g · (h) = Kh for a Newtonian fluid, with K the fluidity, a constant, is substituted into Eq. 1, then the formula on the right hand side of Eq. 4
higher accuracy is required. In some situations, pre-smoothing of the data will be required when the W(s) -measurements are noisy and/or sparse.
THE ALTERNATIVE SIMPLE FORMULA
From de Hoog and Anderssen [22] (Eq. 5), one has, after transforming back to the original configuration of Eq. 1, where the B k (z) denote a Bernoulli polynomial of degree k. The choice a = 0 corresponds to Eq. 6. The counterpart of the more accurate mid-point rule for numerical integration corresponds to the choice a = 1/2. It yields the mid-point (MP) approximation (7) The only difference between the Eq. 6 and 7 is the s -1 term multiplying the independent variable s in W. However, this simple change is quite significant. Using the fact that and that, for a Newtonian fluid,
The relative error, if it is applied to a Newtonian fluid, is ln s 2 /3 which is a considerable improvement over that for the FPP and FTKE approximations. Changing the constant -1/ln s in Eq. 7 to be 2s/(1 -s 2 ) yields the following simple formula that is exact for a Newtonian fluid 
In the sequel, this formula will be called the modified mid-point (MMP) approximation.
THE FINITE DIFFERENCE APPROXI-MATIONS
From an integral equations perspective, one can view Eq. 1 as a first kind integral equation with a discontinuous kernel. For the numerical solution of Volterra integral equations, explicit finite difference formula can be constructed. In this way, they will not involve an explicit numerical differentiation of the data. It will however be hidden in the structure of the finite difference formula. Though derived using their parametric Bernoulli polynomial solution, the finite difference formulas of de Hoog and Anderssen [22] , for approximating the solution of the Couette rheometer Eq. 1, can be given this interpretation.
Because of the improperly posedness of first kind integral equations (Engl et al. [24] ), finite difference formulas only work well for either exact data, or non-exact data where the level of the observational errors are small and the improperly posedness of the integral equation is not more than that corresponding to a single numerical differentiation. That this is the situation for Eq. 1 has been established by de Hoog and Anderssen [25] .
FINITE DIFFERENCE FORMULAS
If the two finite difference formulas given in de Hoog and Anderssen [22] are modified to be exact for Newtonian fluids, then they take the form:
(i) The Modified Three-Term Finite Difference Formula (ii) The Modified Five-Term Finite Difference Formula
In the sequel, these two formulas will be called, respectively, the modified three term finite difference (MTTFD) approximation and the modi- 
THE NUMERICAL PERFORMANCE OF THE MODIFIED MID-POINT AND FINITE DIFFERENCE FORMULAS
To compare the numerical performance of the various formulas discussed above, we have used the following representative non-Newtonian fluids: Williamson, Power Law and Casson fluids. The goal is to illustrate that the MMP approximation appears to always generates results which are clearly better than those coming from the application of the FPP, Euler and FTKE approximations.
The Williamson Fluid
For the Williamson fluid, used previously in Couette rheometry studies by Yang and Krieger [26] , the viscosity h(h) takes the following dimensionless parametric form Thus, one obtains
In the current study, the value of the parameter a has been taken to be 10 4 .
The Power Law Fluid
The constitutive relationship for Power Law fluids, often described as generalized Newtonian fluids, has the non-dimensional parametric form with n the flow behaviour index. The quanitity is often referred to as the apparent or effective viscosity. Because of its simple structure, it is a
useful and popular indicative model of nonNewtonian behaviour. As a function of n, it models shear thickening behaviour when n < 1, Newtonian when n = 1 and shear thinning when n > 1.
The Casson Fluid
The Casson fluid is a popular choice in Couette rheometry studies when comparing algorithms for fluids which involve a yield stress (Ancey [27] ). In dimensionless form, its constitutive relationship is given by (9) where s, s c and g · denote, respectively, the dimensionless shear stress, yield stress and shear rate. The corresponding value for the angular velocity W(s) is given by (10) In the current study, the value of the parameter s c has been taken to be 0.1.
Numerical Performance -Williamson Fluid
As is clear from Fig. 1 , which compares the flow curves for the exact with the FPP, FTKE, Euler and MMP approximations, a Williamson fluid essentially displays Newtonian behaviour for both small and large shear-rates. It is therefore not surprising that, even for data from a relatively large gap rheometer with s = 0.7, all four approximations shown perform well with each giving an accurate recovery of the exact flow curve. In a way, this tends to confirm the popularity with 
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1.E-01 industrial rheologists of the FPP approximation, as it is known to give an accurate indicative reconstruction for non-Newtonial fluids which, like Williamson fluids, exhibit simple shear thinning and/or thickening behaviour. Nevertheless, the MMP approximation is the more accurate.
Numerical Performance -Power Law Fluid
The Power Law fluid represents a more comprehensive test than the Williamson fluid. For n = 0.65 and n = 1.5, respectively, Figs. 2 and 3 compare the flow curves for the exact with the FPP, FTKE, Euler and the MMP approximations. To graphical accuracy the MTTFD and MFTFD approximations were essentially identical with the exact. A comparison of the plots in Fig. 2 (where n = 0.65, s = 0.7) and in Fig. 3 (where n = 1.5, s = 0.7) show that the Euler approximation performs poorly. Whilst the FPP and FTKE give equally good approximations, which are clearly better than the Euler, the performance of the MMP formula is clearly superior. The MTTFD and MFTFD approximations yield a result which is graphically identical to the exact. Although the performance of the MMP approximation is usually quite good, it may be necessary, in some situations, to use the MTTFD and MFTFD approximations. This is illustrated in Fig. 4 , where n = 2.5 and s = 0.7. shows how the accuracy of all these approximations improves as s Y 1, and, thereby, the appeal of using narrow gap rheometers for non-suspension fluids. The purpose of Fig. 5 is to highlight the excellent performance of the MMP formula relative to the others when s is not too close to 1. The choice of s = 0.8 is representative of the situation that arises for moderate gap rheometers. Though the other approximations perform reasonably well, they do not compare favourably with the excellent accuracy of the MMP approximations.
Numerical Performance -Casson Fluid
Although the performance of the MMP approximation is usually quite good, it may be necessary, in some situations, to use the MTTFD and MFTFD approximations. This is illustrated in Fig. 8 for the extreme value s = 0.5. Interestingly, all methods gave a reasonable recovery for the extent of the yield stress zone, with the best being that for the MMP approximation.
The Numerical Performance on Observational Data
For observational data, the performance of all the approximations examined will be compromised 
